It has long been speculated that the Dirac or, more generally, the Dirac-Pauli spinor in the Foldy-Wouthuysen (FW) representation should behave like a classical relativistic spinor in the lowenergy limit when the particle-antiparticle interaction is negligible. In the weak-field limit of static and homogeneous electromagnetic fields, we rigorously prove, by applying Kutzelnigg's method inductively on the orders of 1/c in the power series, that it is indeed the case: the FW transformation of the Dirac-Pauli Hamiltonian is in full agreement with the classical counterpart, which is the sum of the orbital Hamiltonian for the Lorentz force equation and the spin Hamiltonian for the ThomasBargmann-Michel-Telegdi equation.
where the 4 × 4 matrices are given explicitly bỹ
and σ = (σ x , σ y , σ z ) are the 2×2 Pauli matrices. Accordingly, theγ matrices are given byγ 0 =β andγ i =βα i . Rigorously, the Dirac equation is self-consistent only in the context of quantum field theory as particleantiparticle pairs can be created and annihilated. (And accordingly, the Dirac-Pauli equation accounting for the anomalous magnetic moment is adequate only at the phenomenological level.) In the weak-field limit when the particle's energy interacting with electromagnetic fields is much smaller than the Dirac energy gap 2mc 2 , the probability of pair creation and annihilation is negligible and it is expected that the particle and antiparticle can be treated separately without taking into account the field-theory interaction between them. The Foldy-Wouthuysen (FW) transformation is the method for the particle-antiparticle decomposition via a series of successive unitary transformations, each of which blockdiagonalizes the Dirac Hamiltonian to a certain order of 1/m [4] (also see [5] for a review). In the same spirit, many different approaches have been developed for various advantages and most of them can be straightforwardly applied to the Dirac-Pauli Hamiltonian.
On the other hand, the classical (non-quantum) dynamics for a relativistic point particle endowed with charge and intrinsic spin in electromagnetic fields is well understood. The orbital motion, which is governed by the Lorentz force equation, and the precession of spin, which is govern by the Thomas-Bargmann-MichelTelegdi equation [6, 7] (see [8] for a review), are simultaneously described by the total Hamiltonian (see [9] for more details)
with the orbital Hamiltonian given by
and the spin Hamiltonian given by
where s is the intrinsic spin and the Lorentz factor associated with the kinematic momentum π is defined as
The Hamiltonian H(x, p, s; t) provides a low-energy description of the relativistic spinor dynamics. It has long been conjectured that, in the weak-field limit, the Dirac or Dirac-Pauli Hamiltonian, after block diagonalization, should agree with the classical hamiltonian H(x, p, s; t) up to corrections of O(F 2 µν ,
2 ) (except that the spin of the Dirac-Pauli spinor is quantized). The classical-quantum correspondence has been suggested and investigated from different aspects with various degrees of rigor [9] [10] [11] [12] [13] [14] [15] [16] .
In this letter, we consider the case subject to static and homogeneous fields, whereby the O(
2 ) corrections arising from the operator ordering and the Darwin term are absent and the FW transformation remains explicitly time-independent and thus in conformity with the standard FW scenario [9] . Furthermore, we neglect all nonlinear electromagnetic corrections of O(F 2 µν ) in the weakfield limit. In these settings, by mathematical induction on the orders of 1/c in the power series, we rigourously prove that the conjectured classical-quantum correspondence is exact, first for the Dirac equation and then for the Dirac-Pauli equation. (More details and other related issues are presented in a separated paper [17] . ) We adopt Kutzelnigg's method [18] improved with a further simplification scheme [12] to obtain the FW transformation. In Kutzelnigg's method, the FW unitary transformation is assumed to take the form
where the 2 × 2 hermitian operators Y and Z are
for some operator X to be determined. The FW transformed Hamiltonian is given bỹ
whereH FW (x, π, σ; q, µ ′ ) = −H FW (x, −π, −σ; −q, −µ ′ ) by CP T symmetries. For the Dirac-Pauli theory, the block-diagonality ofH FW entails the constraint upon X as
and correspondingly the FW transformed Hamiltonian is given by
Particularly, for the Dirac theory, (4) and (5) reduce to (by simply setting µ ′ = 0)
and
= mc
where we have used the notations X and H FW in place of X and H FW when the Dirac-Pauli theory is reduced to the Dirac theory. First, let us consider the Dirac theory. By expanding X in powers of c −1 as
yields
and the recursion relations (for j ≥ 1):
These allow one to compute X n to any desired order. Thanks to the laborious calculation conducted in [12] up to X 14 , we can conjecture the generic expression of X n and have the following theorem: Theorem 1. In the weak-field limit, we neglect nonlinear terms in E and B. If the electromagnetic field is homogeneous (thus, [π i , E j ] = [π i , B j ] = 0), the generic expression for X n≥0 is given by
where the coefficients are defined as
Proof. It is trivial to prove (10a) by applying (9a) on (8) inductively. After knowing X 2j = 0, (10b) is proven by mathematical induction via (9b) with the help of (23), and (25)-(27).
Once X n are known, we can express X † X and XX † in the form of power series. Neglecting nonlinear terms in F µν , we have c σ · πX, X † X = 0 and, by induction,
, which enable us to recast (7) as
Consequently, this leads to
By (25)- (28), it can be shown that the antihermitian (imaginary) parts in (12) cancel each other out exactly as expected. Then, by (24a) and (24b), it follows from (12) that
Up to the linear order in B, we have
Substituting this back to (13), we obtain
where γ π is defined as
in accordance with the classical counterpart appearing in (3). The FW transform of the Dirac Hamiltonian given in (14) fully agrees with the classical counterpart (1)- (3) with s = 2 σ and γ 
where X and X j have been obtained. The constraint (4) together with (9) leads to
and the recursion relations for X ′ n (j ≥ 2):
Again, based on the laborious calculation conducted in [12] up to X ′ 14 , we have the following theorem:
Theorem 2. In the weak-field limit, we neglect nonlinear terms in E and B. If the electromagnetic field is homogeneous (thus,
is given by
where we define µ ′′ := cµ ′ for convenience and the coefficients d j are defined as
Proof. The theorem is proven by applying (17) on (16) inductively with the help of (10), (25), (26), and (30).
Eq. (18) shows that X ′ is of the order O(F µν ). Consequently, up to O(F µν ), (5) leads to
, where the first half part is identified as H FW by (7), and the second half is called H ′ FW . By (10) and (18), we have
where nonlinear terms in F µν have been neglected. By (29), we find that the antihermitian part in (20) vanishes identically. Furthermore, by (24a) and (24b), we have
where γ π is defined in (15) . With (14) and (21), we have
which is in complete agreement with the classical counterpart (1)- (3) 
+ (2n)i π 2n−2 (σ · π)(E · π).
The coefficients defined in (11) and (19) give the Taylor series:
